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r = R r′. Q1R

PB 0�#� ��� %����� �� �� ���! ���+� S �?

r̃r = r̃′r′ = r̃R̃Rr, ⇒ R̃R = RR̃ = 11, Q2R
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ṙ = Ṙr′ + Rṙ′ Q3R
� ṙ′ = 0 PB 3�#� ��� *� ���J�� S′ % ����� ���+' W+D

ṙ = Ṙ r′ = ṘR̃ r =: Ar. Q4R
��9�! *X�& RR̃ = 11 (� "+�EI&�! �� 0�����+' ���1&#� r′ = R−1r = R̃r (� ��/�� ��

ṘR̃ + R ˙̃R = 0. Q5R
0�#� ���N&!��B ���+��! A := ṘR̃ *' ��$��! ��� *K��� /�� (� ���1&#� ��

Ã = R ˜̇R = R ˙̃R = −ṘR̃ = −A Q6R
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∑
jk εijkAjk Y �+-� ��

A =

⎛
⎝ 0 −ωz ωy

ωz 0 −ωx

−ωy ωx 0

⎞
⎠ Q7R

�

ṙ = Ar = ω × r Q8R
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Ṗ = RṖ′ + ṘP′

= RṖ′ + ṘR̃RP′ = RṖ′ + AP

= RṖ′ + ω × P

= RṖ′ + Rω′ × RP′

= R
(
Ṗ′ + ω′ × P′

)
, Q9R
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N = L̇ = R
(
L̇′ + ω′ × L′

)
N ′ = L̇′ + ω′ × L′, Q10R
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�9� �����! a� +�( @ ���

AP = ω × P = Rω′ × RP′

= R(ω′ × P′). Q11R

@��� /�� �� 0���'�! Y�+-� A′P′ := ω′ × P′ �� �� A′ P �+��!

AP = R(ω′ × P′) = RA′P′

= RA′R̃P. Q12R

�#� *� R 	�6 +� �� ����! �� A′ 3A = ṘR̃ Y �+-� (� ���1&#� �� 0A = RA′R̃ PB
����)

A′ = R̃AR = R̃Ṙ �� Ṙ = RA′. Q13R
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[A′(t1),A′(t2)] �= 0. Q14R

% ��� �,�6 /�� �� 0�#� ���] A′ *' �&8� 0�#� ���# Q13R " *,��-! 5 6 �,�6 �� ��
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R(t) = R(0)etA′
. Q15R

0�#� ���# Q13R " *,��-! 5 6 �$ (�� �9�� [A′(t1),A′(t2)] = 0. *' �$ ���Z �&,�6 ��
@��J� *,��-! % ��� � ���' ��&D� ��� �� 5 `! A′(t) �� �� ����! a� �,�6 /�� �� ^8�� ��
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R(t) = R(0) exp
(∫ t

0

A′(t′)dt′
)

. Q16R
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R(t) = R(0) Texp
(∫ t

0

A′(t′)dt′
)

Q17R

+�( @ ��� *� � �#� ���� *�>Z " �+� "��; � �#� 	�+!��!( +E5;� Texp (� ��H�!
��9�! Y�+-�

Texp
(∫ t

0

A′(t′)dt′
)

=

∑
k

∫ t

0

dt′1

∫ t′1

0

dt′2 · · ·
∫ t′k−1

0

dt′kA′(t′1)A′(t′2) · · · A′(t′k) Q18R

�� @��>?� " *;$ *' R P �+��! �� ����! ��+�F� �� 	�+!��!( S �+F& � /�� �� ��&� +E�
��- � ω ��  �� ��! �) � B �� /;[ �� 0����) �#� *� �� ���� ���4� � �� � '+6 ���!
%��� /�� >7 ;� �!� 0����) �#� *� �� a� �CD % ����� �� "�*���( � �+# " �$*1,�2 !
*' ���# S �`! �� �-� . ���� 0��$� :�X � �) �� �� ����; "���( ��' � �#� "���

0���'�! �#�+� �� �#� ���N&! � �� � �() � ����

������ � �� 	� 
� �� 
��	 !"�#� $

S′ % ����� " �$���! 0�#� ����Z ���&�E % ��c �� ��� � ���� 3��() � ���� (� ��H�!
/�� �� 0�9�� ��� � ��N� ���! 3 ���! *' "��? *� 3��+�E�! ��� " �
�� " �$���! ��

��)�! �� +�( @ ��� *� ���N&! � �� " �+� Q10R " *,��-! @���

I1ω̇
′
1 + ω′

2ω
′
3(I3 − I1) = 0,
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I1ω̇
′
2 + ω′

1ω
′
3(I1 − I3) = 0,

I3ω̇
′
3 = 0. Q19R

���] ω′
3 *' ��9�! *X�& @=��-! /�� (� 0�#� i ���! S �6 ��� " � ���� " �&�, Ii

0�Z+��! α � ��] " "�*���( � �+# �� 3 ���! S �6 ω′ ���+� � �#�

ω′
1 = B cosαt,

ω′
2 = B sin αt,

ω′
3 = C, Q20R

0α =
C(I3 − I1)

I1
� ���)�! �#� *� *�,�� M ��+9 (� *' ��&�$ �&��] + ���N! C 3B *'

��9�! +�( 5 �9 *� A′ P �+��!

A′(t) =

⎛
⎝ 0 −C B sinαt

C 0 −B cosαt
−B sin αt B cosαt 0

⎞
⎠ Q21R

��!( ̂ ��� A′ *' �&8� " �+� ��N&�! G �� *� *
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ω′′
1 = B,

ω′′
2 = 0,

ω′′
3 = C. Q22R

R3 *' �#� R := RR3 ��'�! O��+! �$ *� �� S � S′′ % ����� *' �
��J � P �+��!
(� �#� @��J�

R3 =

⎛
⎝ cosαt − sinαt 0

sinαt cosαt 0
0 0 1

⎞
⎠ Q23R

*� /;[ �� 0�#� α " "�*���( � �+# �� �) � � �Z+� ���] ���+� +$ " �� R3 5 ��J� + ]�
*' ��$� ��� �� ����! �$ ��N&�! ��?

A3 := R̃3Ṙ3 =

⎛
⎝ 0 −α 0

α 0 0
0 0 0

⎞
⎠ Q24R
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����) �#� *� �� R " � �!( S ��� " *,��-! ������

Ṙ = ṘR3 + RṘ3

= RA′R3 + RR3A3

= RR3(R̃3A′R3 + A3)

= R(Ā + A3). Q25R

� �����+' ���1&#� Q13324R (� ��/�� ��

Ā := R̃3A′R3 =

⎛
⎝ 0 −C 0

C 0 −B
0 B 0

⎞
⎠ . Q26R

�#� ���] ���+��! *' ��9�! ���� A′′ �� R S ��� " *,��-! /�� +� ���

Ṙ = RA′′, A′′ := Ā + A3 =

⎛
⎝ 0 −C − α 0

C + α 0 −B
0 B 0

⎞
⎠ . Q27R

PB

R(t) = R(0)etA′′
, ⇒ R(t) = R(0)R3(0)etA′′

R̃3(t) Q28R
3R(0) = 11 % ��& � ��

R(t) = etA′′

⎛
⎝ cosαt sinαt 0

− sin αt cosαt 0
0 0 1

⎞
⎠ . Q29R

g �+� 5 �9 3A(t) = ṘR̃ (� ���1&#� �� �����) �#� *� �� R(t) g �+� 5 �9 *'�) (� PB
*� �� etA′′ �#� :(= ��' /�� : �X � " �+� 0����) �#� *� �� ����! �� ω(t) �+Z=�� � A(t)

��+�F� U �� A′′ " ����'"+K8 P �+��! +E� 0����) �#�

A′′
D : = U †A′′U,

U =
1

Y
√

2

⎛
⎜⎜⎜⎝

iX B
√

2 −iX

Y 0 Y

−iB X
√

2 iB

⎞
⎟⎟⎟⎠ Q30R

+ K8 " �C�� ^8�� �� � � A′′ " �h�� + ���N! 0Y :=
√

(C + α)2 + B2 3X := C + α *'
@��� /�� �� 0��&�$ +1� � ±iY 3A′′

D
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etA′′
=

∑
k

(tA′′)k

k!

= U
∑

k

(tU †A′′U)k

k!
U †

= U
∑

k

(tA′′
D)k

k!
U †

= U

⎛
⎝ eitY 0 0

0 1 0
0 0 e−itY

⎞
⎠ U †, Q31R

*� ��9�! +X�! ��N&�! " *J#��! �� *'

etA′′
=

1
Y 2

⎛
⎜⎜⎜⎝

X2 cos(Y t) + B2 −XY sin(Y t) XB(1 − cos(Y t))

XY sin(Y t) Y 2 cos(Y t) −Y B sin(Y t)

XB(1 − cos(Y t)) Y B sin(Y t) X2 + B2 cos(Y t)

⎞
⎟⎟⎟⎠ . Q32R

���+ � " �$*1 ,�2 ! 0� �)�! �#� * � R(t) 3R(t) = etA′′
R3(t) �� "��j E�� � � �+ Z=� � �

0���)�! �#� *� 3A(t) = ṘR̃ (� �CD �� ���] % ����� �� ω(t) "�*���( � �+#

ωx(t) = B +
α(C + α)B

(C + α)2 + B2
(1 − cos(t

√
(C + α)2 + B2))

ωy(t) = − αB√
(C + α)2 + B2

sin(t
√

(C + α)2 + B2)

ωz(t) = (C + α) +
α

(C + α)2 + B2
((C + α)2

+B2 cos(t
√

(C + α)2 + B2)) Q33R

� �+# " *�,�� "�$*1,�2 ! 	 �6 +� �� � � O��+! *�,�� " �$���] *� *' B � C " �$���]
0������� �� ����! a� �CD % ����� �� "�*���(

B = ωx(0), C(1 +
2(I3 − I1)

I1
) = ωz(0). Q34R
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