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Abstract

Basic concepts and elements of the Monte Carlo method are introduced. Some
examples, based on the Mathematica software are presented.
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f1[x_]:=Exp[z"2][;
exactl = NIntegrate[f1[z], {z,0,1}]

1.46265
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Table[{approx1 = Sum[f1[n]d, {n,0,1,d}]//N;

Print[d," ",approxl," error=",(approxl — exactl)/exactl x100]},
{d, {0.5,0.1,0.01, 0.001, 0.0001} };

0.5 2.50115 error=71.0013

0.1 1.65309 error=13.02

0.01 1.48129 error=1.27417

0.001 1.46451 error=0.127139

0.0001 1.46284 error=0.0127111
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xr:=RandomReall[{0, 1}];

M = 100;

Table[MCInt1l = Mean[Table[f1[xr],{m, 1, M }]]; Print[MCInt1], {5}];
1.44552

1.37184

1.41913

1.47244

1.49409

B15 03 1) 5SS oSSk 55 5L 1000 b ands 03 (sl ST Lt S0 S alie 2SS g |
‘adus (A6 10000

xr:=RandomReal[{0, 1}];

M = 1000:

Mean[Table[MCInt1l = Mean[Table[f1[xr], {m, 1, M}]], {10}]]
1.46421
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£6[x1_,x2_,x3_,x4_,x5_,x6_|:=Exp[x1"2 + x2"2 + x3"'2 + x4"2 + x5"'2 + x6"2];
exact6 = NIntegrate[f6[x1,x2, x3,x4,x5,x6],{x1,0,1}, {x2,0,1},{x3,0,1},
{x4,0,1},{x5,0,1},{x6,0,1}]; //Tining

Print[exact6]

{20.078,Null}

9.79142
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d=0.1;

approx6 = dSum[f6[nl,n2,n3,n4,n5,n6|,{n1,0,1,d}, {n2,0,1,d}, {n3,0,1,d},
{n4,0,1,d},{n5,0,1,d},{n6,0,1,d}|; //Timing

Print[approx6," error=", (approx6 — exact6)/exact6 x 100]

{12.652, Null}

2.04069 x 10% error=2.08415 x 107
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xr:=RandomReall[{0, 1}];

M = 100;

Table[MCInt6 = Mean|[Table[f6[xr, xr, xr, X1, X1, X, {Mm, 1, M }]|;
Print[MCInt6], {5}]//Timing

9.46752

8.74826

10.9643

8.67465

10.6157

{0.031, {Null, Null, Null, Null, Null}}

radoe 450 o5 0l

xr:=RandomReall[{0, 1}];

M = 10000;

Table[MCInt6 = Mean|[Table[f6[xr, xr, xT, xT, X1, XT|, {m, 1, M }]|;
Print[MCInt6],{5}]//Timing
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9.72741
9.82157
9.80803
9.93387
9.74117
{0.515, {Nul1,Null,Null, Null, Null}}

rodes 45l SO L 3 |l o3 Kl

xr:=RandomReall[{0, 1}];

M = 10000;

Mean[Table[MCInt6 = Mean[Table[f6[xr, xr, xr, xT, X1, X¥|, {m, 1, M }]], {10}]]
9.79694
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el Smate 5o (Y JS0) ool S oy el pms 4 IS ol Sl
gl[x_]:=Exp[z"2]/(1.001 — z)"2;
Plot[gl[z], {z,0,1},PlotRange — All]

exactl = NIntegrate[gl[z], {z,0,1}]
2688.74
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xr:=RandomReall[{0, 1}];

M = 100;

Table[MCInt1l = Mean[Table[gl[xx],{m, 1, M }]]|;MCInt1, {10}]
Mean|%]

Variance[%%]"0.5

{3920.65, 7245.54, 365.33, 1748.46,

583.776,563.923, 358.704, 178.019, 4205.49, 2249.13}

2141.9

2327.29
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A = 1/Integrate[1/(1.001 — z)"2, {x,0,1}]
Integrate[1/(1.001 — z)"2, x]
0.001001

1
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wx_]:=A/(1.001 — 2:)"2
Plot[gl|x]/w[z],{z,0,1},PlotRange — A1l]

Importance Sampling”
Inverse Transform Method"
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w(z) A
yr:=RandomReal[{A4/1.001, A/0.001}]
xr:=1.001 — A/yr
M = 100;
Table[Mean|[Table[xrl = xr;gl[xrl]/(A/(1.001 — xr1)"2), {m, 1, M }]], {10}]
Mean|[%

Variance[%%]"0.5

{2680.37,2682.52, 2691.68, 2704.27, 2684.72, 2680.45,
2697.66, 2697.6, 2698.06, 2694.57}

2691.19

8.57928
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U5 0536 46343 Tolg Byliaam ol 51 5 6l 5o codesl adsl il Sl gl il o i oS

58 Al IO Sl < be ot

o O JSE 3 m)5 555 el pan 45 023,08 16051 0.1 slaakols 53 55 shasl ol 1l (gaalsl 53 o
.a)\:@jéws&n\quﬁ:;

renp = NIntegrate[l/Sqrt[(1.1 — )], {z,0,1}];

plx_]:=(1/renp)1/Sqre(1.1 - 2)};

xr:=RandomReal[{0, 1}];

M = 10"5;

sample = {};Do[{xo = xr; If[p[xo]/p[1] > xr, sample = Append[sample, xo]]}, {M}];
dis = {0,0,0,0,0,0,0,0,0,0}; Do[dis[[Floor[sample[[:]] * 10] + 1]]++,
{i,Length[samplel}];

Total[dis]

Length[sample] — Total[dis]

dis/Total[dis]/0.1

Show|

ListPlot[Partition[Rif£1e[{0.05,0.15,0.25,0.35,0.45, 0.55,0.65, 0.75, 0.85,0.95},
dis/Total[dis]/0.1],2],PlotRange — {0.6,1.9},PlotStyle — PointSize[0.015]],
Plot[p[z],{z,0,1},PlotRange — A1l]]

46343

0

{0.667199,0.71165, 0.755238, 0.774874, 0.845219,

0.912112,1.03101, 1.14883, 1.38489, 1.76898 }

0.0 0.2 0.4 0.6 0.8 10

B 255 elpr 4 35-d53 ey 4 (14) w6 il a.\;.\g}:};swfl.wl@,: 0 S
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:v:-;{gfv\.‘o})ﬁjf]biﬁ‘ﬁbéq (3L sl ol (gabwy 4 S 55 Yl

b exp(z?)
; N dz (15)

@:@:\Aﬁ\:lkuu‘r;)bj b‘YLJ:o,\S\JS.;\L;w.,\;LrU\:jQL&d” L”@:L.m:i.xpl;l
eXp( )Mﬁf@r)‘}})g_—wuc)f\JJ‘J&‘A{Y[}-L&‘ Mu?bwb&gl}u‘j)ééb)

:a.&nj\ ade U ]_OMTJ\;;.." W’@é‘f!uﬁ‘ﬂ“’-“ﬁ‘ Jﬂfﬁ)wlf\ml{jﬁﬁ@q—wﬂ”

renp = NIntegrate[l/Sqrt[(1.1 — )], {z,0,1}];
plx_]:=(1/renp)1/Sqre[(11 - o)}
f1[x_]:=Exp[z"2];

NIntegrate[fi[z|p[z], {z,0,1}]

1.62352

xr:=RandomReall[{0, 1}];

M = 10;

Table[sample = {};Do[{xo = xr; If[p[xo]|/p[l] > xr,
sample = Append[sample, xol]|}, { M }]; Mean|[Table[f1[z], {z, sample}]], {5}]
Mean|%]

Variance[%%]"0.5

{1.77585, 1.34204, 1.54029, 1.91586, 1.64282}

1.64337

0.219789

e B 50 (sl Los il 005 162352 Sl LS cplsm Jlan sl omil 5 o 800a 5T a5 5
63045 s &8 (Ll 5aio slp e K 55 exp(—7) Gl @it Kos Jle S ol 4
(8 JSE) ados (5shnl gene 0550

plx_|:=E/(E — 1)Exp[—a];
xr:=RandomReal[{0, 1}];
M = 10°5;
sample = {};Do[{xo = xr; If[p[x0]/p[0] > xr, sample = Append[sample,xo|]}, {M}];
dis = {0,0,0,0,0,0,0,0,0,0};
Do[dis[[Floor[sample[[i]] * 10] + 1]]++, {i, Length[sample]}];
Total[dis]
Length[sample| — Total[dis]
dis/Total[dis]/0.1
Show|
ListPlot[Partition[Riff1e[{0.05,0.15,0.25,0.35,0.45,0.55, 0.65, 0.75, 0.85,0.95},
dis/Total[dis]/0.1],2],PlotRange — All,PlotStyle — PointSize[0.008]],
Plot[p[z], {z,0,1},PlotRange — All]]
63045
0
{1.51955,1.36601, 1.23959, 1.12332,1.01198,
0.907447,0.819891, 0.742486, 0.680149, 0.589579 }
H(V UK b o153l 20000 b exp(—2/0.2) &b sl
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B 255 elpn 4 35-d58 Jhss 4 exp(—) w6 ¢l a.\:,.g}:};;gwflm/@j,: 7 S

t=0.2;

re = (1/6)/(1 — 1/EN1/1));

plx_] -=rcExp|—z/1];

xr:=RandomReall[{0, 1}];

M =2 x 104;

sample = {};Do[{xo = xr; If[p[xo]/p[0] > xr, sample = Append[sample, xo]]}, {M}];

dis = {0,0,0,0,0,0,0,0,0,0};

Do[dis|[Floor|[sample[[i]] * 10] + 1]]++, {7, Length[sample]}];

Length[sample] — Total[dis]

dis/Total[dis]/0.1

Show|

ListPlot[Partition[Rif£1e[{0.05,0.15,0.25,0.35,0.45, 0.55,0.65, 0.75, 0.85,0.95},

dis/Total[dis]/0.1],2],PlotRange — All,PlotStyle — PointSize[0.008]],

Plot[p[z],{z,0,0.9},PlotRange — All]]

0

{4.04674, 2.41859, 1.41544, 0.861345, 0.496324,

0.270483,0.231092,0.139181,0.0630252, 0.0577731}

S bl o)l 3 gmy sl Cos 4 s i & 0l (Gl e gy ol 59 A 0> S el san

While )sws 1 estial | 22 exp(—1) b ely J.a‘-T:_JL‘.A 2 S by gy cus ol a0
H(A JSKE) e 15 ol 3l 4 B oy aals sl sie A 4 ol s5ee sl )

plx_]:=2"2Exp[—z]; ’ ’

max = FindRoot[p'[u] == 0, {u, 2}][[1]];

xmax = /. max;

xr:=RandomReal[{0, 10}];

xt:=RandomReal[];
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b o5 ehes 3y-Jgb IR exp(—xz/0.2) lej};!ﬂ s & Blaislasl s Y I

M = 10"3;

sample = {};

While[Length[sample] < M, {xo = xr; If[p[xo]/p[xmax] > xt,

sample = Append[sample, x0|]}];

dis = {0,0,0,0,0,0,0,0,0,0}; Do[dis[[Ceiling[sample[[i]]]]|++, {¢, Length[sample]}];
Total[dis]

dis/Length[sample|/1//N
Show|[ListPlot[Partition[Riffle[{0.5,1.5,2.5,3.5,4.5,5.5,6.5,7.5,8.5,9.5},
dis/Length[sample|/1],2]],

Plot[p[z]/NIntegrate[p[t], {t,0,10}],{z,0,10}],PlotRange — All]

1000

{0.075,0.244,0.242,0.2,0.113,0.071,0.027,0.012, 0.008, 0.008 }

Sodnge gy 2.3

‘f—‘}}‘\:wd}|‘_§4.l_.wj4.vLﬁbwlécjycbd‘jwbdybJo—g_i.:gm‘v.éﬁé.})w))))
3 v.:)\:w\J:-\Mbj.bbn\fdwzslmL»o..uj\wsm:\»\:\mdjjsﬂfdrfej)kam V’S
2okl sue Gl iy cpl 53 L mesl plamas osMe & 5 s (25158 ol s B sl &7 295
Gollas Lo Mew dde Ol 5 sue 4 sz Nae cbne OS] 3 500 il s LSS (s b

ﬂ.ﬁwL«-:—Vb-Sgp(i ; wu)}.,e_.a‘r&)b W;Jl:u‘ i) ‘bj;p(a“Q) >p($1);\4>u..n
1

w1 685 3be 03y o (o2 5L 3w 5 Bt alie S pho il 5 Solad sue 4 L S s
SIS 525 4 IS 53 M s S o0 5L () 55 Gollas shisl e ol 1 oS ol ot

Metropolis Method®
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B =z
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H(V 0 JSRE) es citesl g e 5L oy b T2 UG 51 Do s

t=0.2;

ro = (1/0)/(1 — 1/B(1/0)):

plx_]:=rcExp[—z/t];

xr:=RandomReall[{0, 1}];

M = 10"4;

sample = Table[xi = xr;Do[xj = xr;If[x] < xi,xi = xj, If[p[xj]/p[xi] > xr,xi =
xj, xi]],

(20}, (M)

dis = {0,0,0,0,0,0,0,0,0,0}; Do[dis[[Ceiling[sample][i]] * 10]]]++, {i, M }];
Total[dis] — M

dis/M/0.1

Show|

ListPlot[Partition[Riff1e[{0.05,0.15,0.25,0.35,0.45,0.55, 0.65, 0.75, 0.85,0.95},
dis/M/0.1],

2],PlotStyle — PointSize[0.008]],

Plot[p[z],{z,0,0.9},PlotRange — {0, p[0]}], PlotRange — All]

0

(3.966,2.449, 1.432, 0.899, 0.532, 0.293, 0.19, 0.112, 0.075, 0.052}

5 Y\

'@t’fﬁ"' o & 3y-dad ,U:” 4 exp(—x/0.2) Q\355|Jf oiad 55 gé;t..m",;\.m ijs e S

S B okt sl (s p lp amlin 5L b exp(—a) !y AT b plss

(V) K

plx_]:=x"2Exp[—x];
xr:=RandomReal[{0, 10}];
xt:=RandomReal[];

M = 1073;
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sample = Table[xi = xr;Do[x]j = xT;

Te[pfxs] > peil xi — x5, T[plxi)/plxi] > xt,xi = xj, %)), {10} %4, {M);
dis = {0,0,0,0,0,0,0,0,0,0}; Do[dis[[Ceiling[sample[[i]]]]]++, {i, M }];
Total[dis] — M

dis/M/1//N
Show|[ListPlot[Partition[Riffle[{0.5,1.5,2.5,3.5,4.5,5.5,6.5,7.5,8.5,9.5},
dis/M/1],2]],Plot[p[x]/NIntegrate[p[t], {t,0, 10}], {z, 0, 10},

PlotRange — {0,p[0]}],PlotRange — All]

0

{0.087,0.244,0.246,0.187,0.113,0.064, 0.029, 0.016, 0.006, 0.008 }

0.25 f .
0.20 f
015 —
0.10 —

005

B 35 oher 4 35-d58 sy 4 0 exp(—a) @b sl etdiad 5 Solaslsl mis V) S

Zo b xr1 u\:ﬁb‘ L;Ala)éjé L b;.a‘ﬁ\f&y oJ‘.) L;JL:)' Aj)lfd)bT&J&A)b w.J}JjJ;ﬁ U’iﬁ)

slue \,uﬂ,; Al plowil L L;mm\.\,uﬁWu.\,y)&,»myfdgmadljwﬁ r_af
eXp E/T Q}»Qlﬁjjyc)}acbb&d)?ﬁ@T&b))wadt@.SBd)f\ww
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